theory is readily extended to other systems in which free electrons interact with surface waves.
Graphene plasmons (GPs) exhibit extreme confinement of light with dynamic tunability [1] [2] [3] [4] [5] [6] , making GPs promising candidates for electrical manipulation of light on the nanoscale [7] [8] [9] [10] [11] [12] [13] .
Here, we propose a highly-directional, tunable, and monochromatic radiation source based on electrons interacting with GPs. Our complementary analytical theory and ab-initio simulations demonstrate that the high momentum of strongly-confined GPs enables the generation of high-frequency radiation from relatively low-energy electrons, bypassing the need for lengthy electron acceleration stages or extreme laser intensities. For instance, highlydirectional 20 keV photons could be generated in a table-top design using electrons from conventional radiofrequency (RF) electron guns. The emission frequency is dynamically tunable via the electron energy, driving laser frequency, or graphene doping. The prospect of a tunable, on-chip (UV) or table-top (X-ray) short-wavelength radiation source is especially exciting due to its potential applications as a research and diagnostic tool in medicine, engineering, and the natural sciences [14] [15] [16] [17] .
The GP-based free-electron radiation source belongs in the category of compact, freeelectron-driven radiation sources, which include light wells [18] , Smith-Purcell emitters [19] [20] [21] and inverse Compton scattering sources [22] . GP-based emitters of short-wavelength radiation represent an unexplored avenue among the many promising applications that have sprung up around graphene [23] , a single-layer, honeycomb lattice of carbon atoms boasting incredible strength, extremely high electron mobility, and the ability to support surface plasmon polaritons with a field confinement of over two orders of magnitude [3, 5, 6, 24] . In recent years, great strides have been made in increasing the lifetime and confinement of graphene plasmons [3, 25] .
The confinement of GPs to plasmon wavelengths over 200 times smaller than the free space wavelength has been predicted [1, [26] [27] [28] , with very recent work suggesting that much higher confinements are also achievable [29] . Importantly, the observed plasmon lifetimes are gradually improving due to higher quality samples and fabrications of Van der Waals heterostructures [3] , and are expected to increase further with advances in fabrication techniques (e.g., [30] ). Similar progress is also seen for GPs of shorter free space wavelengths [31] , with reports of compelling evidence [32] and recent clear signatures [33] in the near-infrared. Observations are also anticipated in the visible regime [4] . This high confinement of GPs is the key to the operation of our compact free-electron radiation source: strongly confined plasmons possess high momentum that allows for the generation of exceptionally high-energy output photons when electrons scatter off these plasmons. In this letter, we illustrate the concept of the GP-based compact free-electron radiation source with two examples: firstly, highly-directional hard X-ray generation from modestly relativistic electrons (at energies that do not require neutron shielding); secondly, a frequency conversion method with output that spans the infrared-visible-ultraviolet range, by using low-energy electrons that may be conceivably generated in an on-chip device. We also present a complete analytic theory for the GP-electron interaction that gives an excellent prediction of the radiation output as determined from our ab-initio numerical simulations.
The mechanism behind the GP-based free-electron electromagnetic radiation source is illustrated schematically in Figs. 1(a) and (b). A sheet of graphene on a dielectric substrate sustains a GP, excited by coupling a focused laser beam via a grating structure that is fabricated into the substrate, deposited on top of the graphene, or implemented as an array of graphene nanoribbons on the substrate [25] . When electrons are launched in parallel to the graphene sheet, their subsequent interaction with the GP field induces transverse electron oscillations. The oscillations lead to the generation of short-wavelength, directional radiation. The radiation process ( Fig. 1(a) ) can be explained by the fact that plasmons are quasi-particles interacting with electrons according to the same fundamental rules that govern electron-photon interactions.
However, the result is substantially different because the plasmon's dispersion relation, which lends itself to design and manipulation, can give the plasmon a much higher momentum than the photon at a given energy. In addition, plasmons have longitudinal field components that photons To compute the output radiation, we perform multi-particle simulations of the GP-electron interaction, solving for the exact electron trajectories using the Newton-Lorentz equation, with the driving fields comprising both the GP and the field produced by the other electrons in the beam. Both near and far-field inter-electron interactions are taken into account, as described in greater detail in the SI Section S.6. The radiation spectrum is then a Fourier transform of the fields obtained from the Liénard-Wiechert potentials [34] . The GP fields are derived from a wavevector-dependent conductivity obtained within the random phase approximation (RPA) [26, 27] . Figure 1 (b) shows highly-directional hard X-ray (20 keV) generation from 3.7 MeV electrons, which may be obtained readily from a compact RF electron gun (another example for different parameters is in SI Section S.8). This level of electron energy requirement obviates the need for further electron acceleration, for which huge facilities (e.g., synchrotrons) are necessary.
In addition, this scheme does not require the bulky and heavy neutron shielding -which would add to the cost and complexity of equipment and installation -necessary when electron energies short-wavelength output radiation. The resulting monochromatic radiation (purple lines) falls (c) in the hard X-ray regime when modestly relativistic (3.7 MeV) electrons are used and (d) in the visible/ultraviolet regime when very non-relativistic (100 eV) electrons are used. The emission intensity is presented as a function of the polar angle of the outgoing radiation (horizontal) and its energy (vertical). The GP has a temporal frequency of 2x10 14 Hz (λair = 1.5 μm), in a graphene sheet that is electrostatically gated, or chemically doped, to have a spatial confinement factor (ratio of free space wavelength to GP wavelength) of n = 180. Fig. 1(d) illustrates a completely different regime of operation, based on the same physical mechanism, in which electrons with kinetic energy of only 100 eV (a non-relativistic kinetic energy that can even be produced with an on-chip electron source) generates visible and ultraviolet photons at on-axis peak energies of 2.16 eV (0.32% spread) and 3.85 eV (0.2% spread). The lack of radiative directionality is an inevitable result of the lack of relativistic angular confinement when non-relativistic electrons are used.
In Fig. 1 , the GP has a temporal frequency of 2x10 14 Hz (λair = 1.5 μm), in a graphene sheet that is electrostatically gated, or chemically doped, to have a carrier density of ns = 3.2x10 (Fermi level Ef = 0.66 eV). This gives a GP spatial period of 8.33 nm [26] , corresponding to a spatial confinement factor (ratio of free space wavelength to GP wavelength) of n = 180. The graphene sheet is several microns in length, the interaction length being determined by the spatial size of the laser exciting the GP, which is 1.5 μm long (FWHM).
Next, we turn to developing an intuitive analytical theory that explains the underlying physics behind the effects presented above. The theory offers excellent prediction of both the frequency and the intensity of the radiation (see Fig. 2 for a comparison) . The interaction between an electron and a GP can be analytically studied from a first principle calculation of 
The approximate equality -which neglects the effects of quantum recoil -holds whenever Furthermore, we found the spectrum of the emitted radiation as a function of its frequency  , azimuthal angle ϕ, and polar angle  , making the assumption of high confinement factors n >> 1 to get a completely analytic result:
where   
where 0  is the permittivity of free space, L the spatial extent (intensity FWHM) of the GP, E0s the peak electric field amplitude on the graphene, βg the GP group velocity normalized to c,
the GP out-of-plane wavevector, Q the electron charge (although the theory holds for any charged particle), and W(x,y) the electron distribution in the beam (with x being the distance from the graphene, as in Fig. 1(b) ). Note that the first and second terms between the square brackets of (3) Details of the derivation are provided in the SI (Sections S.1 to S.3), where we address the general problem of radiation scattered by electrons interacting with GP modes of arbitrary n (not just n >> 1). There, we also derive an expression for the threshold beyond which our approximations break down due to ponderomotive deflection (see SI Section S.7). This discrepancy is shown in Fig. 2 (b) , and becomes negligible when the GP strength is decreased, as in Fig. 2 (c) . Excellent agreement between analytical results and exact numerical calculations (Fig. 2) demonstrates the validity of our electron-GP scattering theory.
An overview of the different frequency conversion regimes of GP-based free-electron radiation sources is given in Fig. 3 . Lines corresponding to confinement factors n = 50, 180, 300, relativistic electrons available from the very common scanning electron microscope (SEM) -the left-most regime -are already sufficient for hard UV and soft X-ray generation. Semirelativistic electrons, such as those used in transmission electron microscopes (TEMs), allow generation of soft X-rays from infrared GPs (e.g., 340 eV photons from 200 keV electrons). The next regime of electron energies -modestly relativistic electrons achievable in RF guns -is sufficient to generate hard X-rays, circumventing the need for additional sophisticated acceleration stages, which are necessary to produce the highly relativistic electrons (rightmost regime) usually required in most free-electron-based X-ray generation schemes. Considering only GP parameters that have already been demonstrated experimentally [3] , we note that 4 keV X-ray photons are attainable with 5 MeV electron beams using far-infrared (λair = 10 μm) GPs of confinement factor n = 150. (In Section S.8 of the SI, we present an investigation at λair = 10 μm, showing that such plasmons can already generate few-keV X-rays with 3.7 MeV electrons).
It should be noted that the Fermi energy of graphene provides us with a robust means of tuning the output photon energy. As shown in SI Section S.3, we can vary the output photon energy from 30keV to over 60keV just by tuning the Fermi energy from 0.5 eV to 0.9eV (assuming 6 MeV electrons). This is in addition to the tunability that is already achievable by controlling the electron energy and the frequency of the driving laser. ) and down-conversion (dashed black lines) using a source of very non-relativistic electrons, which can be implemented in on-chip configurations. Notice that extreme down-conversion occurs at the point where the electron velocity matches the GP phase velocity and electron-plasmon coupling is enhanced. The assumed free space wavelength is 1.5 μm for both panels (as Eq.1 shows, the vertical axes scale linearly when a different wavelength is used). Figure 3(b) shows the regime of non-relativistic electron energies. Frequency-doubling is already attainable with few-eV electrons (e.g., 2.8 eV when n = 300). Several tens of volts will allow a much higher up-conversion, which can convert infrared plasmons to visible, or ultraviolet wavelengths. Figure 3 (b) also presents the possibility of frequency down-conversion.
Graphene is especially suited to our purpose due to its combination of metallic and dielectric properties: it can support electric fields stronger than any metal and even comparable to those supported by dielectric structures [22, 35] , while its high conductivity prevents charge accumulation that might otherwise hinder its usability. For example, the peak electric field amplitude of 3 GV/m on the graphene assumed in 2(a) is below the graphene breakdown threshold [36] . We expect higher fields to be achievable for shorter pulses, increasing the efficiency of our approach. The expected losses of GPs are also averted in our design because of the micron-scale interaction length and the method of excitation (see SI Section S.4).
A central and novel advantage of our scheme is the ability to harness relatively low-energy electrons for the generation of tunable, highly-directional, high-energy radiation in a compact design. The unavoidable price of using such low energy electrons is a decrease in output radiation. The output intensity (Eq. (3)) typically scales as γ  . This prevents the photon yield of our system (γ~1-10) from being comparable to that of large X-ray facilities (γ>>1), which use highly-relativistic electrons and large interaction lengths. Nevertheless, the GP-based free-electron radiation source will be useful for table-top laboratory and clinical applications that require only modest intensities. Greater photon flux may be achieved by prebunching the electrons [37, 38] , thereby creating a periodic electron distribution that radiates coherently. The resulting output intensity is enhanced by a factor of N, the number of electrons in each bunch. Another method for enhancing the emission involves a multilayer configuration in which multiple versions of the structure in Fig. 1(b) are vertically-stacked above one another.
Such a configuration relaxes constraints on the size of the electron beam in the x dimension, allowing larger currents to be used. Specific multilayer configurations can also enhance the GP intensity and its coupling efficiency to the excitation pulse [39] . Recent advances in the fabrication of graphene heterostructures [40, 41, 42] have demonstrated the feasibility of such multilayer structures. The interaction time may also be increased by using longer sheets of graphene (e.g., obtained using chemical vapor deposition instead of exfoliation). Eq. (3) predicts substantial improvements in output intensity, energy spread and collimation with longer interaction lengths. Finally, high-quality, flat electron sheets in the z-y plane [43, 44] would allow for greater overlap between the electron beam and the GP. This is evidenced by (3) where the exponential pre-factor exp(-2Kx) arises because the GP is a surface mode. We elaborate further on methods to enhance the brightness of the GP radiation source in SI Section S.9.
In conclusion, we have presented a novel concept of a compact, tunable, highly-directional radiation source based on electron beams interacting with graphene plasmons (GPs). The small scale of the source, together with the CMOS compatibility of graphene, makes it promising for on-chip integration. Such a device would feature exceptional tunability --spanning the electromagnetic spectrum from infrared to hard X-ray frequencies -that is controllable in three ways: by varying the electron energy, the frequency of the surface plasmon, and the graphene doping (e.g. by electrical gating). Like metals, the conductive nature of graphene keeps it from accumulating charges that might disrupt its operation. Like regular dielectrics, graphene can survive relatively high field amplitudes. These qualities, coupled with the high confinement factors -and hence small spatial periodicity -of GPs, make graphene a promising platform upon which to realize chip-scale light sources with low-energy electrons, circumventing the use of additional acceleration stages. Interestingly, recent work has already demonstrated large gradient on-chip acceleration [35, 45, 46] , which if successfully scaled up, could create highly-compact few-MeV accelerators, thus making even the hard X-ray graphene-based source accessible on chip. The GP-based free-electron radiation source offers a rich field for further exploration.
Methods of improving the photon yield include adding multiple layers and increasing the length of the GP, hence increasing the number of interaction cycles. The prospect of a GP-based freeelectron laser -in which the radiation output causes the electrons to bunch coherently via selfamplified spontaneous emission [20, 35, 47] -is also an interesting topic of future research. In general, electrons can also excite plasmons [48, 49] , which might back-react on them and influence both the radiation emission and the plasmon emission. In this work, we have concentrated on the regime where these effects are of higher order and can be neglected. Looking beyond graphene, the concept presented here is applicable to other 2D materials that support surface plasmons. Examples include bi-layer graphene [50] , and single atomic layers of silver and gold, which have been shown in very recent works to have high confinement factors while also having higher frequencies than GPs [1] .
